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Abstract-By means of Bihari type inequalities, we derive sufficient conditions for solutions of a 
discrete reaction-diffusion equation to be bounded or to converge to zero. Asymptotic representation 
of solutions are also derived. Our results yield estimates and explicit attractive regions for the 
solutions. @ 2002 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Discrete reaction-diffusion type partial difference equations have recently been introduced by a 
number of authors as models for the study of spatiotemporal chaos (see, e.g., [l]). Stability 
criteria have also been derived for such equations which involves two-level (see [2]) as well as 
three-level processes (see, e.g., [3]). Besides the question of stability, asymptotic representation 
of solutions of such difference schemes are also of fundamental importance. In this paper, we 
study nonlinear two-level partial difference equations with time dependent coefficients and, by 
means of comparison theorems, we derive sufficient conditions for the solutions to be bounded 
or to converge to zero. Further, asymptotic formulae for the solutions of the above equation are 
obtained. We want to point out that our results compare favorably with results in [2,4] basically 
because their main results are valid only for linear or sublinear perturbations. Besides, our results 
are new and do not overlap with those in [2,4]. Some discussions on the numerical methods for 
reaction diffusion equations can be found in [5,6]. 
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2. PRELIMINARY FACTS 
Let R be the set of reals and N the set of nonnegative integers. Consider a discrete reaction- 
diffusion equation of the form 
&+I) 
z = aj& + bju,!j’ + ~+i:‘~ + gIj’ + F (j, tp) , (1) 
where i = 1,2,. ..n; j E N; {aj}, {bj}, and {cj} are real sequences; g = {gy’} is a real function 
defined for i = 1,2,... ,n and j E N, and F is a real function. We will also assume that side 
conditions 
are imposed. Let 
ufji’ = Sj E R, j E N, (2) 
Cd 
%+1 = rj E R, j E N, (3) 
(0) = 
ui ri E R, i= 1,2 ,..., n, (4) 
Q = {(i,j) 1 i = O,l,. . . ,n + 1; j E N}. 
A solution of (l)-(4) (j) is a discrete function u = {ui }(i,j)eo which satisfies the functional re- 
lation (1) and also the side conditions (2)-(4). If we put u(j) = col(uy), u!$), . . . , ~2)) and 
7 = COl(Ti , . . . , T,), then the sequence {~(j)}~=~ will satisfy the two-term vector equation 
,(j+i) = A (j) ,W + fj + F j,,(j) 
( > 
, j E N, 
subject to the initial condition 
u(O) = r, 
where 
- bj Cj 0 . . . . . 0 - 
aj bj Cj 0 . . . 0 
A (.) = 0 aj bj cj . . . 0 , 
. . . .*. . . . . . . . . . .., 
. . . . . . . . . . . . . . . . . . 
-0 . . . . . . 0 bj - 
fj =COl(gj3),...,g~)) +COl~~j~j,O,...,O,Cjy,), 
and 
F(j, (~1,227. . . ,G)) = Col(F(j,21),...,F(j,2,)). 
Conversely, if {u(jj)yzo is a solution of (5),(6), then by augmenting each u(j) = col(u~) , . . 
I . ,.. ,. ,. 
(5) 
(6) 
(7) 
) I&‘) 
with the terms ur’ = Sj and u$i = yj to form {u!‘, uy’, . . . ,u$$‘,u~~i}, we see that the 
resulting family forms a solution of (l)-(4). 
IfgEO, F=Oand@=u~~i = 0, j E N, then equation (1) reduces to 
.(j+i) = A(j).(j), j E N. (8) 
Let @(j,ja) be the fundamental matrix of equation (8), such that @(ja,ja) = I (I the identity 
matrix), defined by 
@ (j, j,) = A (j - 1) A (j - 2) . . A (jo) 
j-l 
= n A(i), j 2jo. 
i=jo 
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We will use the following theorem which gives an explicit estimate for a function u = u(m) 
which satisfies the functional inequality: 
where 
(G.l) c 2 0, p is a positive integer, 
(G.2) X1, X2,. . . , A, are nonnegative sequences in el (N), where Cl(N) is the set of all absolutely 
summable real sequences delined on N, and 
(G.3) the functions Wi, 1 5 i 5 p, are continuous on [0,03) and positive on (O,KI), such that 
Wi+l/W,, 1 5 i < p - 1, are nondecreasing on (0, co). 
To this end, we need to define 
Wi(U) = s u 1 - ds, U, wi(s) u > 0, ui > 0, l<ilP, 
*i(U) = W;’ (Wi(U) + Oi) 3 
with CY~,.. .,cr,~R,andcpo(~)=u,cpi=Oio~i_l~...~~~forlIiIp. 
THEOREM A. (See [8,9].) Under Conditions (G.l), (G.2), and (G.3), if u = {u(m)},EN is a 
nonnegative sequence which satisfies inequality (9), CK, = CT==, Xi(j), and c < cp;‘(co), then 
u(m) 5 Wil WdcpP-l(4) + c X,(k) m E N, 
k=O 
and u(m) 5 (pp(c) form E N. 
We remark that if 
s 
O” ds 
wi(s, =O”, llilp, (10) 1 
holds, then the same conclusion u(m) 5 (pp(c) is valid for all c > 0. If the dual condition 
s ’ ds o+ ii&j =w7 l<i<p, (11) 
holds, then the same conclusion u(m) 5 (pP(c) is valid if c is small enough. 
EXAMPLE. Let wi(u) = unl for i = 1,2. Then 
*i(u) = 
{ 
[ul-n’ + @i(l - K)]-l’(n’-l)l TX, E (0,l) U (1,03), 
UeXpCYi, 7ti = 1, 
for i = 1,2. Thus, for n, # 1, cp = Q2 0 @I takes the form 
p(u) = { [&-nl +al(l - nl)](n2-1)‘(n1-1) + a2(l - n2)}-1’(n2-1), (12) 
Moreover, since Q;‘(u) = WF’[Wi(u) - cq], cp-‘( u is obtained from (12) by replacing cri ) 
with -a,. Thus, for n, > 1, p(u) is defined for all u < cp-‘(oo), where 
p-yoo) Yz { [(Q(q - q](n2-‘)~(n’-‘) + Q2(Q - 1)jy-l). 
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For the case n1 = 1 < n2, we get 
cp(u) = [(M?‘p + az(l - n2)] 
-l/(nz-1) 
= ueal [l + az(l - 722)(UeU’)n2-1]-1’(1L*-1) ) 
which is defined for 
u < (p-l@) = [cy2(722 - 1)]-“(“2-‘), 
and if n1 < 1 = n2, then 
(p(u) = eu2 [ul+l + c~l(l - nl)]-l’(n’-‘), 
is defined for u < cp-‘(00) = co. 
REMARK. There are many concepts which are related to the stability of solutions of partial 
difference equations, e.g., see [7, Section 5.11. However, in this paper, we will use the standard 
concepts of stability for ordinary difference equations since we have reduced the partial difference 
equation (1) to the vector equation (5). 
3. BOUNDEDNESS 
Now, we can establish our boundedness criteria. 
THEOREM 1. Assume that 
(i) equation (8) is uniformly stable, 
(ii) CE”=, Ilfkll < 9 
(iii) 
lP(.k~)II I ~wQ(ll~ll~! j E N, (13) 
kl 
for all x E Rn, where ~1, . . . , wp satisfy Condition (G.3), and XI,. . . , A, are nonnegative 
sequences in k’,(N). 
(iv) There exists a constant d > 0 such that 
(14) 
and M(ll~11 + cp=“=, Ilfkll) < d, then every solutions of equation (5),(6) is bounded. 
PROOF. By inductive arguments, it is easily seen that the unique solution {u(“)}~=~ of equa- 
tion (5), subject to U(O) = T, satisfies 
j-1 j-1 
u(j) = @ (.i,o) 7 + c @ (j, k + 1) fk + c @ (j, k + 1) F (k, uck)) , 
k=O k=O 
j E N. 
From the uniform stability of equation (8), it follows that (see [lO,ll]) 
Thus, in view of Theorem A and our assumptions, 
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where M is some positive number. Put u(j) = IIu(j)ll for j E N. Then 
k=O 
2 d + MC c h(kh(4k)). 
kl k=O 
So, by Theorem A, we obtain 
4j) 5 w,-’ w,(vp-l(d)) + M c &(k) , j E N. 
k=O 
Inequality (14) shows that this estimation is valid for all j E N, and that the function in the 
right-hand side is bounded, in fact, 
%(+1(d)) + M -&@) 
k=O 
Hence, 
concluding the proof. 
REMARKS. 
(a) If Jp”(l/w(s)) ds = 03, 1 5 1 5 p, then conditions (14) of Theorem 1 are satisfied for all 
d > 0. 
(b) If j;+(l/‘wl(s))ds = 03, 1 5 l 5 p, then there always exists small d satisfying condi- 
tions (14) of Theorem 1. 
(c) If ~;+(l/~(s)) ds < 00, 1 I 1 5 p, then the inequality CT=“=, Xl(k) 1 ~o”(l/wl(s)) ds 
for some 1, 1 < 1 5 p, implies that there is no d > 0 satisfying (14). In every case, the 
biggest d satisfying conditions (14) is d = ‘p; 1 (co). 
Thus, we can establish the following corollary of Theorem 1 
COROLLARY 1. 
(4 
PI 
If j-p”(l/w~(s)) ds = co, 1 5 1 5 p, hold, then the result of Theorem 1 is valid for all 
solution. 
If J;+ (l/~(s)) ds = co, 1 5 1 5 p, hold, then the statement of Theorem 1 is valid for 
all solution of equation (5) such that M(]~u(~)II + Cy=“=, Ilfkjl) is small enough, namely, 
M(llu(“)II + c:“=, /.fkil) < cP,‘(@ 
COROLLARY 2. Suppose that 
llW~)ll j E N, (15) 
l=l 
where Q > 1, 1 5 i 5 p and X1, . . . , A, are positive sequences in Cl (N). Then, the statement of 
Theorem 1 is valid for all sufficiently smaJJ positive d. 
REMARK. If 0 < vi < 1, 1 2 i < p in (15), then the statement of Theorem 1 remains valid for 
all d > 0, and consequently for all solution of equation (5). 
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THEOREM 2. Suppose that 
(i) equation (8) is uniformly asymptotically stable, 
(ii) the function F = F(j,x) satisfies (15), where 
(11.1) the functions wl, 1 5 1 5 p, satisfy Condition (G.3), and for any 1,l _< 1 5 p, there is 
a function TE defined on (0, W) such that WL(QU) < TOWS for Q 10, u 2 0, 
(11.2) the functions XI, 1 I 1 5 p, satisfy CE”=, Pmk . X~(k)r-~(Pk) < co, 
(iii) there is a constant d > 0 such that 
k=O 
Then every solution u(j) of equation (5),(6), such that L( 11~11 $ ~~=“=, p-“-l Il.& 11) < d, converges 
to zero, as j --) co. 
PROOF. From the uniform asymptotic stability of equation (8), it follows that there exist con- 
stants L > 0 and /3 E (0,l) such that (see [lo, p. 2461) 
II@ (.k k)II 5 w-kl j 2 k. 
Thus, in view of Condition (i), we have 
Hence, 
(lu’i)II <L lITI + L3z pi-k-1 llfkll + L3e pi-‘-’ IjF (k,U(‘)) 11. - 
k=O k=O 
y 5 L \[T11 + Lg P-k-1 Ilfkll + $ p-“-l /F (k,u(‘)) (1. 
k=O k=O 
Thus, in view of Conditions (ii)-( it follows that 
Ilw(‘)/j 5 L lldl + L3e P-k-1 llfkll + L-&32 p-k-1Xl (k)?-1 (p”) Wl. (?J (k)) , 
k=O 1=1 k=O 
where, v(j) = (Ilu(j)ll j = O,l, . . . . 
Thus, proceeding in a similar way to Theorem 1, the statement follows. 
COROLLARY 3. Suppose that 
llW>~)II I ~Wllsil”‘, j E N, 
l=l 
where Q 2 1, 1 5 i 5 p and the sequences X1, . . . , A, satisfy 
k(l-111) . am < CQ, l<l<P. 
Further, suppose that there exists a constant d > 0 such that 
5 p-k(l-ql) . A~(/.) < g (cp’-1(d)) ‘-” 
L 1-Q ’ 
1SlIp. 
k=O 
Then, the statement of Theorem 2 is valid for all sufficiently small positive d. 
REMARK. We want to point out that p,(d) and cp;‘( 0;) can be explicitly calculated (see Sec- ) 
tion 2, Example), and consequently, we can show the radius of attraction for bounded and 
convergent to zero solutions (see [9]). 
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4. ASYMPTOTIC REPRESENTATION 
In this section, our objective is to obtain asymptotic formulae for the solutions of the discrete 
(j) reaction-diffusion equations of form (l), but under the additional conditions u,, = 0 = &; 
j E N and g(j) =Oforalli=1,2 ,,.., nandj~N. 
By iteratik and induction, it can be proved that the unique vector solution {~(J)}3m,~ of the 
reduced equation 
&+I) = A(j) U(j) + F (j, U(j)) ) jEN (16) 
subject to u(O) = T satisfies 
u(j) =~(j,o)~+~~m(j,k+l)F(k,U(“)), j E N. (17) 
k=O 
THEOREM 3. Assume that llF(j, z)/ <_ X(j)w(llz\l), for alla E R” and j E N, where w : [0, co) + 
[0, co) is a continuous, positive, and nondecreasing function on [0, w). Further, suppose that 
X E Cl(N), and there exists a constant d > 0 such that 
2 A(k) < ; 1;,, G. 
k=O 
If equation (8) is uniformly asymptotically stable, then corresponding to each bounded solution 
of equation (16) there is zo E R” such that u(j) = nir,’ A(i)zo + 6(l), as j --t co, where G(l) 
represents a vector function of j which is bounded at infinity. 
PROOF. From Theorem 1, we infer that all solution u (9 of equation (16), such that L[(u(~)[[ < d, 
is bounded. On the other hand, we have 
II 
j-l 
c Q (j, k + 1) F (k, uCk) 
k=O )il 
5 $+-i-‘*(k)w +‘“‘11) 
j-l 
L Lw(K) c A(k) I Lw(K) 2 X(k), 
k=O k=O 
where K > 0 is a constant such that l(u(j)l/ 5 K, for j E N. Then, for every solution u of 
equation (16), we see that the solution v of equation 
&+l) = A (j) ,(A, j E N, (18) 
given by 
j-l 
,(d = .(A -~@(j,k+l)F(k,~(~)). 
k=O 
has the property 
,(j) = &) + G(I), asj-+co. 
Moreover, if v(j) is a solution of equation (18), then there is 20 E Rn such that 
v(j) = @ (j, 0) zo, 
where @(j, 0) is the fundamental matrix of equation (18). 
Therefore, 
U(j) = Q (j, 0) 20 + G( 1)) asj-+m. 
REMARK. In Theorem 3, we assume that 11~11 is small enough so that W(O+) = -co, where 
W(u)= “A, I 210 4s) u > 0, uo > 0, 
in order that W-l has meaning, that is, the inverse function W-l(v) is defined for v E (0, bo), 
for 60 small enough. 
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COROLLARY 4. 
(I) If (10) holds, then the result of Theorem 3 is valid for all solution. 
(II) If (11) holds, then the result of Theorem 3 is valid for every solution u(j) of equation (16), 
such that L(Ju @)I) < cp,‘(co). 
A more precise asymptotic formula is given in the following theorem. 
THEOREM 4. Under the hypotheses of Theorem 3, if in addition, 
J&jWF(k,u(*)) -+O, =j-+oo, 
k=O 
then 
j-1 
u(j) = n A(i) zo + o(l), asj-+co. 
i=o 
THEOREM 5. Under the hypotheses of Corollary 4(U). Suppose that the fundamental matrix 
@(j, k), satisfies 
JJ@-‘(j + LV(j, @(j,WJJ I ~(j)~(ll~ll)i 
for j E N and z E R*; and A E cl(N). Then, for every solution u(r) of equation (16), with I/U(~))/ 
small enough, there is zb E Rn, such that 
PROOF. Making u(j) = @(j, O)%(j) in equation (16), we get 
j-1 
z(j) = r+ Co-‘(k+ l,O)F(lc,cP(k,O)z(lc)), 
k=O 
The rest of the proof follows by arguments similar to those in the proof of Theorem 3, and we 
will omit it. 
5. 
In Theorems 1-3, we have imposed stability conditions on the solutions of equation (8). If 
A(j) = A, a constant matrix for all j E N and its spectral radius p(A) is less than 1, then we 
have sufficient stability conditions for equation (8). Namely, if p(A) 5 1, then equation (8) is 
uniformly stable, and if p(A) < 1, then equation (8) is uniformly asymptotically stable (see [la]). 
(We remark [3] that if the diagonal elements of A are equal to b, the superdiagonal elements 
to c, and the subdiagonal elements to a, then when ac > 0, the spectral radius p(A) of A 
is equal to IbJ + 2,,&cos(7r/(n + l)), and when ac < 0, the spectral radius of A is given by 
,/b2 - 4accos2(7r/(n -I- 1))) H owever, this result cannot be extended to equation (8) if A(j) is 
not a constant matrix. For instance, if we consider (see 1121) 
CONCLUDING REMARKS 
0 9 + 7(-l)j 
A(j) 8 = 
9 - 7(-l)j 
7 
8 
0 
the eigenvalues of A(j) are f2- 1/2 for all j, and they are inside the unit disk, but this is not 
enough to ensure the stability of the null solution. The fundamental matrix is 
@(j,O)= (2T ZJ, jiseven, 
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and 
G(j,O)= (2fzj E), jisodd. 
In any case, this is a solution that will grow exponentially away from the origin. Thus, there must 
be an additional condition on A(j) in order to get stability. For instance, in [12, Theorem 4.4.21, 
we have the following result. If A(j) is nonsingular and periodic for all j, then it is possible 
to transform the periodic system into an autonomous one. On the other hand, the following is 
well known [12, Theorem 4.4.11. The zero solution of the equation yj?i+l = A(j)yj, where A(j) 
is periodic of period N, is asymptotically stable if the eigenvalues of the matrix @(N,O) are 
inside the unit disk. From this two results, we infer that the periodicity of the matrix A(j) is an 
important condition for stabilities of our equation (8). 
1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
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